The notion of block divisibility naturally leads one to introduce unitary cyclotomic polynomials Φnpxq. They can be written as certain products of cyclotomic poynomials. We study the case where n has two or three distinct prime factors using numerical semigroups, respectively Bachman's inclusion-exclusion polynomials. Given m ě 1 we show that every integer occurs as a coefficient of Φm n pxq for some n ě 1 following Ji, Li and Moree [9] . Here n will typically have many different prime factors. We also consider similar questions for the polynomials px n´1 q{Φnpxq, the inverse unitary cyclotomic polynomials.
Introduction

(Inverse) (unitary) cyclotomic polynomials
The cyclotomic polynomials Φ n pxq are defined by Φ n pxq " n ź j"1 pj,nq"1 px´expp2πij{nqq .
They are monic polynomials of degree ϕpnq (with ϕ Euler's totient function) and arise as irreducible factors on factorizing x n´1 over the rationals:
By Möbius inversion it follows from (1) that
where µ denotes the Möbius function. A divisor d of n (d, n P N) is called a unitary divisor (or block divisor) if pd, n{dq " 1, notation d || n (this is in agreement with the standard notation p a || n used for prime powers p a ). If in (1) one only considers block divisors d of n, the resulting factors are the unitary cyclotomic polynomials Φdpxq, that is, we have
Just as the system of equations (1) (taking n " 1, 2, . . .) implicitly uniquely defines the cyclotomic polynomials, so does the latter system of equations uniquely define the unitary cyclotomic polynomials (the reader preferring an explicit definition is referred to (6) ). The polynomial Φnpxq is monic, has integer coefficients and is of degree ϕ˚pnq, with ϕ˚pnq " #tj : 1 ď j ď n, pj, nq˚" 1u and pj, nq˚" maxtd : d | j, d || nu. If n " ś q i is the factorization of n in pairwise coprime prime powers, then ϕ˚pnq " ś i pq i´1 q. Note that ϕ˚pnq ě ϕpnq. The unitary equivalent of (2) reads
where µ˚pnq " p´1q ωpnq and ωpnq denotes the number of distinct prime factors of n. Note that since ř d||n µ˚pdq " 0 for n ą 1, we can alternatively write, for n ą 1,
Comparison of (1) and (3) shows that Φnpxq is a product of cyclotomic polynomials. The next result, proved in [15] where also many connections with the theory of arithmetic functions are pointed out, makes this precise.
Theorem 1 (Moree and Tóth [15] ). For any natural number n we have
where κpnq " ś p|n p is the square-free kernel of n.
This corollary is easily proved directly. In case n is square-free, µ˚pnq " µpnq and we see that the products in (2) and (4) are identical and therefore Φ n pxq " Φnpxq.
By (1) and (3) we have, respectively,
Φdpxq,
and thus both Ψ n and Ψn are polynomials having integer coefficients.
The polynomials Ψ n were dubbed inverse cyclotomic polynomials by Moree [13] , who was the first to systematically study them. Meanwhile their study found some application in cryptography, see, e.g., [6, 7] . Their coefficients behave in various aspects very similar, but also in various aspects quite dissimilar to the ordinary cyclotomic coefficients.
The polynomials Ψn seem not have be systematically considered before. We will call them inverse unitary cyclotomic polynomials.
The behavior of (inverse) cyclotomic coefficients is and was a topic of intense study. The aim of this paper is to initiate the study of the coefficients of Φn and Ψn.
(Inverse) (unitary) cyclotomic coefficients
We write Φ n pxq " 8 ÿ j"0 a n pjqx j , Ψ n pxq "
This notation looks perhaps strange to the reader, but implicitly defines the coefficients for every j, which serves our purposes.
It turns out that for many n the above polynomials are flat (that is, they have all their coefficients in t´1, 0, 1u). The smallest n for which the above four classes of polynomials are non-flat are, respectively, 105, 561, 60 and 120, see the tables in Section 4. These tables perhaps also suggest that each of the four polynomial families has every integer occurring as a coefficient. The main result of this paper is that this is indeed the case.
Ji, Li and Moree [9, Theorem 1] showed that given a fixed integer m ě 1 we have ta mn pjq : n ě 1, j ě 0u " tc mn pjq : n ě 1, j ě 0u " Z.
By a similar approach we will establish the following result.
Theorem 3. Let m ě 1 be fixed. We have tam n pjq : n ě 1, j ě 0u " tcm n pjq : n ě 1, j ě 0u " Z.
The proof will show that we actually can restrict to the case where n is square-free and coprime to m, cf. (10) . The result of Ji, Li and Moree in case m " 1 is due to Suzuki [17] , who adapted a proof of Issai Schur (see, e.g., Emma Lehmer [11] ) showing that every negative even number occurs as a cyclotomic coefficient. Theorem 3 in case m is a prime power is due to Ji and Li [8] .
Proof of Theorem 3
Inspection of the proof of Theorem 1 in [9] shows that the authors prove more than they claim, namely they show that ta mn pjq : n ě 1, n is square-free, pn, mq " 1, j ě 0u " Z,
and the same result with a mn pjq replaced by c mn pjq.
Proposition 4. Let m ě 1 be square-free. We have tam n pjq : n ě 1, j ě 0u " tcm n pjq : n ě 1, j ě 0u " Z.
Proof. If m is square-free, then the index mn of any coefficient appearing on the left hand side of (10) is square-free. By Corollary 2 it then follows that a mn pjq " am n pjq and so the result follows from (10) for the unitary cyclotomic coefficients. Likewise it follows for the inverse unitary cyclotomic coefficients.
We are now ready to prove Theorem 3. By the latter result we could restrict to non-square-free m. However, this is not necessary as our argument works for every m ą 1.
Proof of Theorem 3. The result for m " 1 is true by Proposition 4, so we may assume that m ą 1.
Let t ě 1 be arbitrary but fixed. We will show that t´1 appears as a coefficient of Φm n pxq for some n ě 1 (and in addition some variations of this).
Let πpx; d, aq denote the number of primes p ď x that satisfy p " apmod dq, with a, d coprime integers. A quantitative version of Dirichlet's prime number theorem for arithmetic progressions states that, asymptotically, πpx; d, aq " x{pϕpdq log xq. This implies that there exist an integer n ě 8m and primes p 1 , p 2 , . . . , p t such that n ă p 1 ă p 2 ă¨¨¨ă p t ă 15 8 n and p j " 1pmod mq, j " 1, 2, . . . , t.
Clearly p t ă 2p 1 . Let q be any prime exceeding 2p 1 and put
Note that m and n 1 are coprime and that µ˚pn 1 q "´1. Using these observations we conclude that and m ą m´ϕ˚pmq " degΨm, we see that umpjq is an integer that only depends on the congruence class of j modulo m. Thus, in particular, if k ě p j we have umpk´p j q " umpk´1q since by assumption p j " 1pmod mq. Using this and (11) we infer that, for p t ď k ă 2p 1 ,
We consider two cases depending on whether µ˚pmq " 1 or µ˚pmq "´1. Case 1. µ˚pmq " 1. In this case m has at least two block divisors ą 1 (since by assumption m ą 1). Let 1 ă q 1 ă q 2 be the smallest, respectively second smallest block divisor ą 1 of m. Note that both q 1 and q 2 are prime powers and so µ˚pq i q "´1. Using (5) we see that
Thus umpkq " 1 if k " βpmod mq with β P t0, 1u and umpkq "´1 if k " βpmod mq with β P tq 2 , q 2`1 u. This in combination with (12) shows that am n 1 pp t q " 1´t. Since n ě 8m ě 8q 2 we have p t`q2 ă 15n{8`n{8 " 2n ă 2p 1 , and hence we may apply (12) with k " p t`q2 giving rise to am n 1 pp t`q2 q " t´1. Since t1´t, t´1 | t ě 1u " Z the result follows in this case. Case 2. µ˚pmq "´1. Here we notice that
Using this we find that am n 1 pp t q "´1`t. Furthermore, am n 1 pp t`1 q " 1´t in case m " 2pmod 4q and am n 1 pp t`1 q "´t otherwise. Since t´1`t,´t | t ě 1u " Z and t´1`t, 1´t | t ě 1u " Z, it follows that also tam n pjq : n ě 1, j ě 0u " Z in this case. It remains to show that tcm n pjq : n ě 1, j ě 0u " Z. By Proposition 4 we may assume that m ą 1. Let q be any prime exceeding 2p 1 and put
Using that µ˚pn 2 q "´µ˚pn 1 q, we see that Ψm n 2 pxq " x mn 2´1 Φm n 2 pxq "´1 Φm n 2 pxq "´Φm n 1 pxq pmod x 2p 1 q, and hence cm n 2 pkq "´am n 1 pkq for k ă 2p 1 . The proof is now completed by reasoning as in the case of unitary cyclotomic coefficients using formula (12) (which is valid for p t ď k ă 2p 1 ).
Connection with numerical semigroups
Let a 1 , . . . , a m be positive integers, and let Spa 1 , . . . , a m q be the set of all non-negative integer linear combinations of a 1 , . . . , a m , that is,
Then S is a semigroup (i.e., it is closed under addition). A semigroup S is said to be numerical if its complement Z ě0 zS is finite. The numbers in this set are called gaps. It is easy to prove that Spa 1 , . . . , a m q is numerical if and ony if a 1 , . . . , a m are relatively prime. If S is numerical, the maximum gap is called the Frobenius number of S and denoted by F pSq. The Hilbert series of the numerical semigroup S is the formal power series H S pxq "
ř sPS x s P Zrrxss. It is practical to multiply this by 1´x as we then obtain a polynomial, called the semigroup polynomial:
It is easy to see that the non-zero coefficients of P S alternate between 1 and´1. From P S one immediately reads off the Frobenius number:
The following result is well-known, see, e.g., Bardomero and Beck [4] , Moree [14] or Ramírez-Alfonsín [16, p. 34] . It seems to have been first proved by Székely and Wormald [18] .
Theorem 5. If a, b ą 1 are coprime integers, then P Spa,bq pxq " p1´xq ÿ sPSpa,bq
x s " px ab´1 qpx´1q px a´1 qpx b´1 q .
Using (15) it follows that F pSpa, bqq " ab´a´b, something that was already known to Sylvester in the 19th century.
The next result is a consequence of (4) and Theorem 5.
Theorem 6. Let p and q be coprime prime powers ą 1. We have P Spp,qq pxq " Φp q pxq.
Corollary 7. We have
Corollary 8. In case p and q are distinct primes, we have P Spp,qq pxq " Φ pq pxq.
The interpretation of Φ pq pxq as a semigroup polynomial leads to trivial proofs of very classical facts about these so-called binary cyclotomic polynomials. E.g., that they are of height 1 (which was first proved by Migotti [12] and several years later by Bang [3] ) and that the non-zero coefficients alternate between 1 and -1 (due to Carlitz [5] ).
The polynomial Ψå b pxq with a ă b coprime prime powers, in contrast to Φå b pxq, is boring:
For further reading on the connection between numerical semigroups and cyclotomic polynomials the reader is referred to Moree [14] .
Connection with inclusion-exclusion polynomials
Let ρ " tr 1 , r 2 , . . . , r s u be a set of pairwise coprime natural numbers ą 1 and put
and define
It can be shown that Q ρ pxq is a polynomial with integer coefficients. This class of polynomials was introduced by Bachman [1] , who named them inclusion-exclusion polynomials. From the definition and Theorem 6 we infer that P Spa,bq pxq " Q ta,bu pxq. Let n ą 1 be an integer and ś t i"1 p e i i its canonical factorization. Comparison of (4) and (17) then shows that Φnpxq " Q tp e 1 1 ,...,p e t t u pxq.
We will now derive some consequences of this identity in the ternary case t " 3. One of the tools that can be used here is a fundamental lemma of Kaplan [10] relating the case t " 3 to the case t " 2 (he formulated it for cyclotomic polynomials).
Given a polynomial f, we let Cpf q denote the set of all coefficients of f and Hpf q the maximum element (in absolute value) in Cpf q. Combination of (18) and [1, Theorem 3] leads to the first assertion below. Combination of (18) and [2, Theorem] leads to the second assertion. Theorem 9. Let p, q, r, s ě 3 be four pairwise coprime prime powers. Then CpΦp qr q is a string of consecutive integers, and for r, s ą maxpp, qq, we have
CpΦp qs q if r "´s pmod pqq.
If r "˘s pmod pqq and r ą maxpp,ą s ě 3, then
HpΦp qs q ď HpΦp qr q ď HpΦp qs q`1.
The following is a consequence of Kaplan's work, cf. [2, (4) ].
Corollary 10. Let p a and q b be two fixed coprime prime powers and let r be a third prime. Then Φp a q b r c is flat for every positive exponent c with r c "˘1 pmod p a q b q.
See subsection 4.1 some numerical material demonstrating Theorem 9.
Ternary inverse unitary cyclotomic polynomials
It seems that most (but not all!) of the work on Ψ pqr can be easily adapted to the inverse unitary setting. We merely give one example here.
Theorem 11. Let p ă q ă r pairwise coprime prime powers. We have
Proof. Using (2) and (4) we see that Ψp qr pxq " Φp q pxqΨp q px r q, and so cp qr pkq "
The number of j for which 0 ď k´jr ď ϕ˚ppqq, and so ap q pk´jrq is potentially non-zero, is at most " ϕ˚ppqq r
Since |ap q pk´jrq| ď 1 by Corollary 7 and |cp q pjq| ď 1 by (16), the proof is concluded.
Some numerical data
Let n ě 1 and let f n P tΦ n , Ψ n , Φn, Ψnu, with its coefficients denoted as in (8) . For a given integer m ě 2, we list the smallest n such that Hpf n q " m, with Hpf q the maximum coefficient (in absolute value) of f . In addition we list the degree of f n , the smallest k such that |f n pkq| " m, and the value of f n pkq. For m " 10, . . . , 14 it turns out that n " 10465. For m " 10, . . . , 21 it turns out that n " 11305. For m " 20, . . . , 41 it turns out that n " 9240. For m=16, . . . , 21 it turns out that n " 9240.
The tables suggest that the (unitary) cyclotomic polynomials are generically of the same flatness as their inverses. However, generically an (inverse) cyclotomic polynomial seems to be rather flatter than its unitary equivalent.
Numerical material related to Theorem 9
If n has three or less block divisors that are prime powers, then CpΦnq consists of consecutive integers: we have, e.g. , CpΦ8¨1 1¨13 q " t´4, 3u and CpΦ2 7¨29¨31 q " t´8, . . . , 8u. If n has four or more block divisors that are prime powers, this is not always true: we have, e.g., CpΦ2 4¨32¨52¨7 q " t´49, . . . , 44uzt´48,´47,´45,´43, 40, 42, 43u.
In practice both the upper and lower bound in (19) are often assumed, here we give just two examples.
• Let p " 2 2 , q " 5, s " 3, r " 23. Then r " s pmod pqq and r ą maxpp,ą s " 3. We have HpΦp qs q " HpΦp qr q " 2.
• Let p " 3 2 , q " 7, s " 5, r " 131. Then r " s pmod pqq and r ą maxpp,ą s ą 3. We have HpΦp qr q " HpΦp qs q`1 " 3.
We do not know of any simple criteria that can be used to determine which of the two bounds must hold.
